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pq . Abstract. We prove the abundance theorem for numerically triv- 

ial log canonical divisors of log canonical pairs and semi-log canon- 
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1. Introduction 



Throughout this paper, we work over C, the complex number field. 
We will make use of the standard notation and definitions as in |KaMMj . 
/\f ' The abundance conjecture is the following: 

b : 

■ - - ■ Conjecture 1.1 (Abundance conjecture). Let {X,A) be a projective 

log canonical pair. Then v{Kx + A) = k{Kx + A) . Moreover, Kx + A 
is semi- ample if it is nef. 

For the definition of ^{Kx + A) and k,{Kx + A), we refer [Nj. The 
numerical Kodaira dimension u is denoted as k^ in [N]. In this paper, 
we do not use these definitions. The above conjecture is a very impor- 
tant conjecture in the minimal model theory. Indeed, Conjecture 11.11 
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2 YOSHINORI GONGYO 

implies the minimal model conjecture (cf. |B1] . |B2] ). Conjecture 11.11 
also says that every minimal model is of general type or has a struc- 
ture of a Calabi-Yau fiber space, where a Calabi-Yau variety means 
that its canonical divisor is Q-linearly trivial. Conjecture II. II in dimen- 
sion < 3 is proved by Fujita, Kawamata, Miyaoka, Keel, Matsuki, and 
M'^Kernan (cf. [Ka2] . |Ka3] . |KeMM] ) . Moreover, Nakayama proved 
the conjecture when (X, A) is kit and iy{Kx + A) = (cf. [N]). Re- 
cently, Simpson's result (cf. |Simj ) seems to be effective for the proof 
of the conjecture (cf. [UKF] . [UFT] . [Ki4], [Sm]). 

In this paper, we consider Conjecture 11.11 in the case where (X, A) 
is minimal and ^{Kx + A) = 0, i.e., Kx + A = 0. 

This case for a kit pair is a special case of Nakayama's result. Ambro 
also gave another proof of the conjecture for kit pairs in this case by 
using the higher dimensional canonical bundle formula (cf. |X]). Hence 
we consider the conjecture in the case where (X, A) is log canonical and 
Kx + A = . In Section [3l we prove the following theorem by using 
their results and [BCHMj : 

Theorem 1.2 (=Theorem l3.ip . Let (X, A) he a projective log canonical 
pair. Suppose that Kx + A = 0. Then Kx + A ~q 0. 

Moreover, we consider the abundance conjecture for semi-log canon- 
ical pairs. 



Definition 1.3 (Semi-log canonical). ( |Fj 1 Definition 1.1]). Let X be 



a reduced 5'2-scheme. We assume that it is pure n-dimensional and is 
normal crossing in codimension 1. Let A be an effective Q-Weil divisor 
on X such that Kx + A is Q-Cartier. 

Let X = IjXj be the decomposition into irreducible components, 
and z/ : X' : = ]J Xj' — > X = IJ Xj the normalization., where the nor- 
malization z/ : X' = ]jXj' — )■ X = IjXj means that z/|x' : X[ — > Xj is 
the normalization for any i. We call X a normal scheme if v is isomor- 
phic. Define the Q-divisor 6 on X' by Kx' + 6 = i'*{Kx + A) and set 

e. = eu^ 

We say that (X, A) is semi-log canonical (for short, sic) if (X^', 6j) 
is an Ic pair for every i. Moreover, we call (X, A) a semi-divisorial log 
terminal (for short, sdlt) pair if X, is normal, that is, X^' is isomorphic 
to Xj, and (X^', 6j) is dlt for every i. 

Conjecture 1.4. Let (X, A) be a projective semi-log canonical pair. 
Suppose that Kx + A is nef. Then Kx + A is semi-ample. 

Comparing Conjecture 11.41 to Conjecture II. H we find that Conjec- 
ture 11.41 is stated only in the case where Kx -|- A is nef. In general. 



ABUNDANCE THEOREM 



it seems that the minimal model program for reducible schemes is dif- 
ficult. Conjecture 11.41 is deeply concerned with the approach to the 
proof of Conjecture 11.11 (cf. |Fjl| , |Fkl] ). Conjecture 11.41 is proved in 
dimension < 3 by Kawamata, Abramovich, Fong, KoUar, M'^Kernan, 
and Fujino (cf. |Ka2] . |AFKM] . Fjl| ). We give an affirmative answer 



to Conjecture 11.41 in the case where Kx + A = 0. 

Theorem 1.5. Lei (X, A) he a projective semi-log canonical pair. Sup- 
pose that i^x + A = 0. Then Kx + A r^Q 0. 



We prove it along the framework of Fujino in Fjl| . We take the 



normalization z/ : X' := JJX^' — )■ X = |jXj and a dlt blow-up on 
each X; (Theorem El. We get ^ : {Y,T) -^ (X, A) such that (F, F) 
is a (not necessarily connected) dlt pair and Ky + F = ip*{Kx + A). 
We decompose ^ = U ^/ ^^ch that Yi — > Xj be birational and put 
{Ky + F)|y. = Ky^ + Fj for every i. By Theorem II. 2[ it holds that 
Ky-\-T ~Q 0. Let m be a sufficiently large and divisible positive integer. 
Here we need to consider when a section {si} G ^ H'^(Yi,m{Ky. +Fj)) 
descends to a section of H'^{X,m{Kx + A)). Fujino introduced the 
notion of pre- admissible section and admissible section for construct- 
ing such sections by induction (Definition 15.11) . The pre- admissible 
sections on Y are descending sections. Moreover Fujino introduced 
B -pluricanonical representation 

Pm : Bir(X, A) ^ Autc(if°(X, m{Kx + A))) 

for this purpose (cf. Definition 14. 2| Definition 14. 3p . The basic conjec- 
ture of 5-pluricanonical representation is the following: 

Conjecture 1.6 (Finiteness of i?-pluricanonical representations, cf. 
|Fjl[ Conjecture 3.1]). Let (X, A) be a projective (not necessarily con- 



nected) dlt pair. Suppose that Kx + A is nef. Then pm(Bir(X, A)) is 
finite for a sufficiently large and divisible positive integer m. 

This conjecture is proved affirmatively in dimension < 2 by Fujino 
(cf. |Fjl , Theorem 3.3, Theorem 3.4]). To show Theorem ll.51 it suffices 



to give an affirmative answer to Conjecture 11.61 in the case where Kx + 
A = 0. By virtue of Theorem II. 2| it turns out to be that we may 
assume Kx + A ~(q 0. First, in Section HI we prove Conjecture 11.61 in 
the case where (X, A) is kit and Kx + A ~q affirmatively. The proof 
is almost the same as the way of Nakamura-Ueno and Sakai ( |NUj . 
[5]). Next, in Section [5l we give an affirmative answer to Conjecture 
1 1.61 under the assumption that Kx + A. ~q and lAj 7^ by the way of 
Fujino (Theorem[B]). Then we also prove the existence of pre- admissible 
sections for a (not necessarily connected) dlt pair such that Kx + A ~q 
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(Theorem El) . In Section [6], we give some applications of Theorem 
11.21 and Theorem 11.51 In particular, we remove the assumption of the 
abundance conjecture from one of the main results in [G] (cf. Theorem 

EM- 

After the author submitted this paper to the arXiv, he knew that 

Theorem 11.21 is proved by the same argument as [CKPj in the latest 

version of |Ka4] and |CKPj . However, in our proof of Theorem II. 2 [ we 

do not need Simpson's result. 
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2. Preliminaries 

In this section, we introduce some notation and lemmas for the proof 
of Theorem II. 21 and Theorem 1 1.5 1 For fixing notation, we start by some 
basic definitions. The following is the definition of singularities of pairs. 
Remark that the definitions in |KaMM] or [KoM] are slightly different 
from ours because the base space is not necessarily connected in our 
definitions. 

Definition 2.1. Let X be a pure n- dimensional normal scheme and A 
a Q-Weil divisor on X such that Kx + A is a Q-Cartier divisor. Let 
9? : F — 7- X be a log resolution of (X, A). We set 

where Ei is a prime divisor. The pair (X, A) is called 

(a) sub kawamata log terminal {subklt, for short) if Oj > —1 for all 
i, or 

(b) sub log canonical {sublc, for short) if Oj > —1 for all i. 

If A is effective, we simply call it a kit (resp. Ic) pair. Moreover, we 
call X a log terminal (resp. log canonical) variety when (X, 0) is kit 
(resp. Ic) and X is connected. 
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Definition 2.2. Let X be a pure n-dimensional normal scheme and 
A an effective Q-Weil divisor on X such that Kx + A is a Q-Cartier 
divisor. We set an irreducible decomposition X = ]J Xj and Aj = A\xi- 
We call that (X, A) is divisorial log terminal (for short dlt) if (Xj, Aj) 
is divisorial log terminal for any i, where we use the notion of divisorial 
log terminal in |KoMj for varieties. 

Ambro and Nakayama prove the abundance theorem for kit pairs 
whose log canonical divisors are numerically trivial, i.e., 

Theorem 2.3 (cf. [E, Theorem 4.2], [U 4.9. Corollary]). Let (X, A) 
he a projective kit pair. Suppose that Kx + A = 0. Then Kx + A ~q 0. 

Next, we introduce a dlt blow-up. The following theorem is originally 
proved by Hacon: 

Theorem 2.4 (Dlt blow-up, Fj5 , Theorem 10.4], |KoKot Theorem 



3.1]). Let X be a normal quasi-projective variety and A an effective 
Q-divisor on X such that Kx + A is Q-Cartier. Suppose that (X, A) 
is Ic. Then there exists a projective birational morphism (f : Y ^ X 
from a normal quasi-projective variety with the following properties: 

(i) Y is Q-factorial, 

(ii) a{E,X,A) = —1 for every (f- exceptional divisor E on Y , and 
(iii) for 

r = v?;! A + 5^ E, 

E:(f>-exceptional 

it holds that (F, T) is dlt and Ky + T = ip*{Kx + A). 

The above theorem is very useful for studying log canonical singu- 
larities (cf. [^, [^, [G], p^oK^ l 

The following elementary lemma is used when we work MMP by The- 
oremO(lBCHMl Corollary 1.3.3]): 

Lemma 2.5. Let X be an n-dimensional normal projective variety 
such that n > 1 and D an W-Cartier divisor. Suppose that there exists 
a nonzero effective M.-Cartier divisor E such that D = —E. Then D is 
not pseudo-effective. 

Proof. We take general ample divisors Hi, ... , Hn-i- If D is pseudo- 
effective, then {D. f]Hi) > 0. But {E. f]Hi) > 0. This is a contradic- 
tion, n 

Remark 2.6. Lemma \2.5\ is not always true for such a relative set- 
ting as in ^KaMM ] and |BCHMj . For example, let it : X ^ U be 
a projective birational morphism. Then every M-Cartier divisor is vr- 
pseudo-effective. 
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By Birkar-Cascini-Hacon-M^Kernan, we see the following: 

Theorem 2.7 f fBCHMl Corollary 1.3.3]). Let it : X ^ U be a pro- 
jective morphism of normal quasi-projective varieties and {X, A) a kit 
pair. Suppose that Kx + A is not t^ -pseudo- effective. Then there ex- 
ists a birational map ip : X --^ X' such that ip is a composition of 
(Kx + A) -log flips and [Kx + A)-divisorial contractions, and X' is a 
Mori fiber space for {X,A), i.e. there exists an algebraic fiber space 
f : X' ^Y' such that p{X' /Y') = 1 and -{Kx' + A') is f -ample, 
where A' is the strict transform of A. 

3. Log canonical case 
In this section, we prove the follwing: 

Theorem 3.1. Let (X, A) be a projective log canonical pair. Suppose 
that Kx + A = 0. Then i^x + A ~q 0. 

Proof. We may assume that dim X > 1 and X is connected. By taking 
a dlt blow-up (Theorem 12. 4p . we also may assume that (X, A) is a Q- 
factorial dlt pair. By Theorem 12.31 we may assume that lAj ^ 0. We 
set 

S = clAj and r = a - 5 
for some sufficiently small positive number e. Then (X, F) is kit, 
Kx + r = — S" is not pseudo-effective by Lemma [2751 By Theorem 12. 7[ 
there exist a composition of {Kx + r)-log flips and {Kx + r)-divisorial 
contractions 

ip :X --^X', 

and a Mori fiber space 

/' : X' ^ Y' 

for (X, r). It holds that Kx'+A' = 0, where A' is the strict transform of 
A on X'. By the negativity lemma, it suffices to show that Kx' + A' ~q 
0. We put S" = ip^S and F' = ip^T. Because it holds {S'.C) > for 
any /'-contracting curve C, we conclude that S" 7^ and the support 
of S' dominates Y'. Since Kx' + A' = and /' is a {Kx' + F')-extremal 
contraction, there exists an effective Q-Cartier divisor D' on Y' such 
that Kx' + A' ~Q f'*D' and D' = (cf. (KaMMl Lemma 3-2-5]). We 
remark that (X', A') is not necessarily dlt, but it is a Q-factorial log 
canonical pair. Hence we can take a dlt blow-up 

y,:(X",A")^(X',A') 

of (X', A'). Since the support of S' dominates Y', there exists an Ic 
center C" of (X", A") such that C" dominates Y". Then we see that 

Kc" + A(jn ~Q {fc»)*D', 
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where {Kx" + ^")\c" = Kc + A'^„ and f^„ = f'\c"- From induction 
on the dimension of X, it holds that Kc + A^,, ~q 0. In particular, 
we conclude that D' ~(q 0. Thus we see that 

Kx' + A' ~Q 0. 

We finish the proof of Theorem 11.21 D 

The above argument does not necessarily hold as it is for a relative 
setting (cf. Remark [2 ■6p . 

4. FiNITENESS OF _B-PLURICANONICAL REPRESENTATIONS 

Nakamura-Ueno and Deligne proved the following theorem: 

Theorem 4.1 (Finiteness of pluricanonical representations, [HI Theo- 
rem 14.10]). Let X be a compact connected Moishezon complex mani- 
fold. Then the image of the group homomorphism 

Pm : Bim(X) ^ AntciH^X, mKx)) 

is finite for any positive integer m, where Bim(X) is the group of 
bimeromorphic maps from X to itself. 

In this section, we extend Theorem l4.1l to kit pairs under the assump- 
tion that their log canonical divisors are Q- linear trivial (Theorem 14. 5p . 



This is also a generalization of Fj2 Proposition 3.1] for a sufficiently 



large and divisible positive integer m. The result is used in the proof 
of Theorem 11.51 Now, we review the notions of i?-birational maps and 
-B-pluricanonical representations introduced by Fujino (cf. |Fjl| ). 

Definition 4.2 ([^ Definition 3.1]). Let (X, A) (resp. {Y,T)) be a 
pair such that X (resp. F) is a normal scheme with a Q-divisor A 
(resp. r) such that Kx + A (resp. Ky + F) is Q-Cartier. We say that 
a proper birational map / : (X, A) ---»■ {Y,r) is B-birational if there 
exist a common resolution a : W ^ X and (3 : W ^ Y such that 
a*{Kx + ^) = I3*{Ky + T). This means that it holds that E = F when 
we put Kw = a*{Kx + A) + E and Kw = (3*{Ky + T)+F. We put 
Bir(X, A) = {(t\(t : (X, A) — ^ (X, A) is 5-birational}. 

Definition 4.3 ( |Fjl[ Definition 3.2]). Let X be a pure n-dimensional 
normal scheme and A a Q-divisor, and let m he a nonnegative integer 
such that m[Kx + A) is Cartier. A i?-birational map a G Bir(X, A) 
defines a linear automorphism of H^{X, m{Kx + A)). Thus we get the 
group homomorphism 

Pm : Bir(X, A) -> Antc{H\X , m{K x + A))). 
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The homomorphism pm is called a B -pluricanonical representation for 

(X, A) . 

Let X be a pure ra- dimensional normal scheme and g : X --^ X 
a proper birational (or bimeromorphic) map. Set X = Y[i=i-^i- The 
map g defines a G Sk such that g\x, '■ Xi ---> Xo-(j), where Sk is the 
symmetric group of degree k. Hence g'^' induces g^'\xi '■ Xi ---> Xj. By 
Burnside's theorem ( |CRt (36.1) Theorem]), we remark the following: 

Remark 4.4. For the proof of Conjecture \1.(A we can check that it 
suffices to show it under the assumption that X is connected. Moreover, 
Theorem \4-l\ for a pure dimensional disjoint union of some compact 
Moishezon complex manifolds holds. 

Now, we show the finiteness of B-pluricanonical representations for 
kit pairs whose log canonical divisors are Q-linearly trivial. Indeed, 
this result holds for subklt pairs as follows: 

Theorem 4.5. Let (X, A) be a projective subklt pair. Suppose that 
Kx + A ~(Q 0. Then pm.(Bir(X, A)) is a finite group for a sufficiently 
large and divisible positive integer m. 



For the proof of Theorem l4.5l the following integrable condition plays 
an important role: 

Definition 4.6. Let X be an n-dimensional connected complex mani- 
fold and u a meromorphic m-ple n-form. Let {Ua}he an open covering 
of X with holomorphic coordinates 

We write 



5 



u\u^ = ^aidzl A ■ ■ ■ A dz^y 
where ipa is a meromorphic function on Ua- We give {to A uY^"^ by 

{u A uY^^u^ = ( ^ j M'^'^dzl Adzi---AdzlA dz^. 

We call that a meromorphic ?7i-ple n-form co is L"^^"^ -integrable if j^iu A 
uf/"^ < oo. 

Lemma 4.7. Let X be a compact connected complex manifold, D a 
reduced normal crossing divisor on X. Set U = X \ D. If uo is an 
L'^ -integrable meromorphic n-form such that u\u is holomorphic, then 
u is a holomorphic n-form. 

Proof. See [HI Theorem 2.1] or |Kall Proposition 16]. D 
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Lemma 4.8. Let (X, A) be a projective subklt pair such that X is a 
connected smooth variety and A is a simple normal crossing divisor. 
Let m be a sufficiently large and divisible positive integer, and let u G 
H^{X, Ox{tTi{Kx + A))) be a meromorphic m-ple n-form. Then u is 
L'^i'^-integrable. 

Proof. Since (X, A) is subklt, we may write A = ^^ a^Aj, where Aj is 
a prime divisor and aj < 1. We take a sufficiently large and divisible 
positive integer m such that 1 — 1/m > Oj and moj is an integer for 
any i. Thus a; is a meromorphic m-ple n-form with at most {m— l)-ple 
pole along Aj for all i. By [Si Theorem 2.1] and holomorphicity oi u:\u-, 
j^{uj A uY'"^ = j^{oj\u ^OJ\ufl'^ <oo. D 

By Lemma I4.8[ we see the following proposition by almost the same 
way as |NUl Proposition 1], [HI Proposition 14.4], and |S| Lemma 5.1]. 

Proposition 4.9. Let (X, A) be an n-dimensional projective subklt 
pair such that X is smooth and connected, and A is a simple normal 
crossing divisor. Let g G Bir(X, A) be a B-birational map, m a suffi- 
ciently large and divisible positive integer, and let u G H^{X, m{Kx + 
A)) be a nonzero meromorphic m-ple n-form. Suppose that g*uj = Xu 
for some A G C. Then there exists a positive integer Nm,u} such that 
A^™'" = 1 and Nm,uj does not depend on g. 

In the last part of the proof of Proposition 14. 9^ we can avoid the 
arguments of [^ Lemma 5.2] (cf. [NUj Proposition 2], |Ul Proposition 
14.5]) by using Theorem 14.11 directly. For the reader's convenience, we 
include the proof of Proposition 14.91 

Proof of Proposition ^.^ We consider the projective space bundle 

TT : M := Wx{Ox{-Kx) Ox) ^ X. 

Set A = A"*" — A~, where A"*" and A~ are effective, and have no 
common components. Let {[/q,} be coordinate neighborhoods of X with 
holomorphic coordinates (2;^,2;^,--- ,^2)- Since u G H^{X,m{Kx + 
A)), we can write u locally as 

co\u^ = ^{dzlA.--Adz:r, 

where i^a and 5^ are holomorphic with no common factors, and ^ 
has poles at most mA"*". We may assume that {Ua} gives a local 
trivialization of M, i.e. M\u^ := TT~^Ua — UaXW^. We set a coordinate 
(z^, 2;q, ■ ■ ■ , -^Q, Ca '■ iV) of Ua X P^ with homogcucous coordinates (^^ : 
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O oiF\ Note that 









where k, 



ai3 = det{dz'p/dzi^)i<ij<n 



Kp^ in M\u^^up, 
Set 



Yjj 



{{ilr^. - {CTVc = 0} C t/„ X ¥\ 



We can patch {yi/„} easily and denotes the patching by Y . Remark 
that Y may have singularities and be reducible. Let tti : M' — )■ M 
be a log resolution of (M, y U 7r~^(SuppA)) such that Y' is smooth, 
where Y' is the strict transform of Y on M' . We set F' = vr o tti and 
/' = F'\yi- Remark that Y' may be disconnected and a general fiber 
of /' is m points. Define a meromorphic n-form on M by 



ei 



1^4 A ■ ■ 



We put e' 



7r*0|y/. By the definition, 



Adz: 



Since /^^(w A w)^/™ < oo by Lemma 
oo. Hence 6' is L^-integrable. Since / 



^-1 



it holds that Jy, 6' A 6' < 
(SuppA) is simple normal 



crossings, 6' is a holomorphic n-form on Y' by Lemma 14.71 

We take a z/ G M such that z/™ = A. We define a birational map 
g^ : M --^ M by 

-g, : {zl zl--- , zl, i\ : H) "^ (^(^«, ^L " " " , ^2), v{d^t{dgldz^)r'il : e^; 



on f/a. Then gy induces a birational map h! : Y' --->■ Y'. It satisfies 
that 



y - - - Y' 



r 



/' 



X - - - X. 



Thus we see 



h'*{dY = h'*f'*uj = f'*g*uj = Xf'*uj = A(e')'"- 
Because Theorem 14.11 holds for pure dimensional possibly discon- 
nected projective manifolds (Remark I4.4p . there exists a positive inte- 
ger Nm,uj such that A^™''^ = 1 and Nm,uj does not depend on g. We 
finish the proof of Proposition 14.91 

D 
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Proof of Theorem \4.5[ By taking a log resolution of (X, A), we may 
assume that X is smooth and A has a simple normal crossing sup- 
port. Let m be a sufficiently large and divisible positive integer. Since 
dime H'^{X,m{Kx + A)) = 1 by the assumption that Kx + A ~q 0, 
we see that Pm{g) ^ C* for any g G Bir(X, A). Proposition 14.91 implies 
that (pm(5'))^'"'" = 1. Hence pm(Bir(X, A)) is a finite group because 
it is a subgroup of C*. D 

5. Semi-log canonical case 



In this section, following the framework of Fjl| in the case where 



Kx + A = 0, we prove Theorem II. 5[ Here we recall the definition of 
sdlt pairs as in Definition 11.31 

Definition 5.1 (cf. [Fjl| , Definition 4.1]). Let (X, A) be an n-dimensional 
proper sdlt pair and m a sufficiently divisible integer. We take the nor- 
malization z/ : X' := ]jXj' — )■ X = IjXj. We define admissible and 
pre- admissible sections inductively on dimension as the follows: 

• s & H^{X,m{Kx + A)) is pre- admissible if the restriction 

is admissible. 

• s e H^{X, m{Kx + A)) is admissible if s is pre-admissible and 
g*{s\x) = s\xi for every i?-birational map g : (Xj, Gj) --^ 
{Xj^Qj) for every i,j. 

Note that if s G H^{X, m{Kx + A)) is admissible, then the restriction 
s\xi is Bir(Xj, 0j)-invariant for every i. 

Remark 5.2. Let (X, A) be an n-dimensional proper sdlt pair and 
m a positive integer such that m{Kx + A) is Cartier. We take the 
normalization z/ : X' — )■ X. Then it is clear by definition that s G 
H^{X,m{Kx + A)) is admissible (resp. pre-admissible) if and only if 
so IS u*s G H%X',m{Kx'+^')). 

For the normalization z/ : X' — )• X, any pre-admissible section on 
X' descends on X (cf. |Fjl , Lemma 4.2]). Therefore in our case we 



sufficiently prove the existence of nonzero pre-admissible sections on 
X'. Including this statement, we prove the following three theorems 
by induction on the dimension: 

Theorem A. Let (X, A) be an n-dimensional projective (not neces- 
sarily connected) dlt pair. Suppose that Kx + A ~q 0. Then there 
exists a nonzero pre-admissible section s G H'^{X,m{Kx + A)) for a 
sufficiently large and divisible positive integer m. 
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Theorem B. Let (X, A) be an n-dimensional projective (not nec- 
essarily connected) dlt pair. Suppose that Kx + A ~q 0. Then 
Pm(Bir(X, A)) is a finite group for a sufficiently large and divisible 
positive integer m. 

Theorem C. Let (X, A) be an n-dimensional projective (not necessar- 
ily connected) dlt pair. Suppose that Kx + A ~q 0. Then there exists 
a nonzero admissible section s G H^{X,m{Kx + A)) for a sufficiently 
large and divisible positive integer m. 

Step 1. Theorem [Cl^i implies Theorem lAl . 

we claim the following by using Theorem 12.71 



Claim 5.3 (cf. |AFKM[ 12.3.2. Proposition], [^ Proposition 2.1], 
|Fj2[ Proposition 2.4], [KoKoj Proposition 5.1]). Let {X,A) be an n- 



dimensional Q-factorial connected dlt pair such that n > 2. Suppose 
that Kx + A ~Q 0. Then one of the following holds: 

(i) lAj is connected, or 

(ii) lAj has two connected components Ai and ^2- Moreover, there 

exist a birational map if : X --">■ X' and an algebraic fiber space 

/' : X' — )■ Y' with a general fiber P^ such that they satisfy the 

following: 

(ii-a) if is a composition of {Kx + A) -log flops and {Kx + A)- 

crepant divisorial contractions, and X' is log terminal, 
(ii-b) Y' is an {n — 1)- dimensional Q-factorial projective log ter- 
minal variety, and 
(ii-c) there exists an effective Q-divisorQ' on Y' such that {Y' , Vt') 
is an Ic pair and f'*{KY'+^') = Kx'+A', where A' = v?*A. 
Furthermore, there exists an irreducible component Di C Aj 
such that f'li)', : (D^,A'^,) — )■ {Y',Q') is a B-birational iso- 
morphism for i = 1,2, where D[ := (p^,Di and K^' + A^, = 
{Kx'+A')\di. In particular, (/'oy.)|^^ : (A.A^jJ --^ {Y',n') 
is a B-birational map, where K^^ + A^^ = {Kx + A)]^^- 

Proof. We set S = clAj and P := A — S* for some sufficiently small 
positive number e. For the proof of Theorem 1 1.21 we can get a Mori fiber 
space /' : X' — )■ Y' for (X, P) such that a birational map (y9 : X ---> X' is 
a composition of {Kx+^)-iog fiips and (-ft'x+r)-divisorial contractions. 
It holds that Kx' + A' ~q 0, where A' is the strict transform of A on 
X'. By the proof of |Fjl , Proposition 2.1], we see Claim [531 

D 
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Thus the following claim holds for an n- dimensional dlt pair (X, A) 



such that Kx + A ~q from the same way as |Fjl[ Proposition 4.5] 
by Claim 1531 



Claim 5.4 (cf. |Fjl[ Proposition 4.5], |Fj2[ Proposition 4.15]). Let 



(X, A) be an n- dimensional Q-factorial (not necessarily connected) dlt 
pair. Suppose that Kx + A ~q 0. Let m be a sufficiently large and 
divisible positive integer, and put S = lAj. For a nonzero admissible 
section s G H^{X,m{Ks + A5)), there exists a nonzero pre- admissible 
section t G H^{X,m{Kx + A)) such that s\s = t, where Ks + A^ = 
{Kx + '^)\s- In particular, Theorem\^_i implies Theorem HI . 

We finish the proof of Step [H 
Next, we see the following: 

Step 2. Theorem Rl implies Theorem iBl . 



Proof, (cf. |Fjl Theorem 3.5]). By Remark l4.4[ we may assume that X 



is connected. We may assume that lAj 7^ by Theorem 14.51 Because 
we assume that Theorem \^ holds, we can take a nowhere vanishing 
section s G H^{X,m{Kx + A)) for a sufficiently large and divisible 
positive integer m. Since dime H'^{X,m{Kx + A)) = 1, we see that 
Pmig) e C* for any g G Bir(X, A). By [FjH Lemma 4.9], it holds that 
Pm{g)s\^Aj = g*s\^Aj = sIlAj for any g G Bir(X, A). Thus, it holds 
that Pm{g) = 1 for any g G Bir(X, A). Hence the action of Bir(X, A) 
on H°{X, m{Kx + A)) is trivial. D 



Lastly, the following step follows directly by |Fjl Lemma 4.9]. 



Step 3. Theorem Rl and Theorem [Bl imply Theorem ICl . 

Thus we obtain Theorem \^ Theorem |Bl and Theorem O 
Finally, we show Theorem 11.51 

Proof of Theorem \1.5\ We take the normalization i/ : X' := JJX^' — )■ 

X = U Xi and a dlt blow-up on each X[. We get ^ : (F, P) -^ (X, A) 
such that (y, P) is a (not necessarily connected) dlt pair and Ky + P = 
if*{Kx + A). By Theorem Ol it holds that iTy + P ~q 0. Thus 
there exists a nonzero pre-admissible section s G H^{Y,m{KY + P)) 
for a sufficiently large and divisible positive integer m by Theorem 
Therefore s descends on X by |Fjl Lemma 4.2]. Because the 



descending section of s is nonzero, it holds that Kx + A ~q 0. We 
finish the proof of Theorem 11.51 D 
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6. Applications 

In this section, we give some applications on Theorem 11.21 and The- 
orem [T31 

First, we expand the following Fukuda's theorem to 4-dimensional 
log canonical pairs. 



Theorem 6.1 ( |Fk2| Theorem 0.1]). Let (X, A) be a projective kit 



pair. Suppose that there exists a semi-ample Q-divisor D such that 
Kx + A = D. Then Kx + A zs semi-ample. 

Theorem 6.2. Let (X, A) he a A- dimensional projective log canonical 
pair. Suppose that there exists a semi-ample Q-divisor D such that 
Kx -\- A = D. Then Kx -\- A is semi-ample. 

We obtain Theorem 16.21 from the same argument as |Fk2j by re- 
placing Kawamata's theorem ( [Ka2l Theorem 4.3], [KaMMt Theorem 
6-1-11] |Fj4 Theoreml.l]) with the following theorem: 



Theorem 6.3 ( |Fj3 Corollary 6.7]). Let {X,B) be an Ic pair and 



TT : X — 7- 5 a proper morphism onto a variety S. Assume the following 
conditions: 

(a) H is a ir-nef Q-Cartier divisor on X, 

(b) H — {Kx + B) is TT-nef and n-abundant, 

(c) fi:(X^, {aH - {Kx + B)\) > and u{X^, {aH - {Kx + 5))^) = 
z/(X^, {H — {Kx + B))jj) for some a e Q with a > 1, where rj is 
the generic point of S , and 

(d) there is a positive integer c such that cH is Cartier and Ot{cH\t) 
is Ti -generated, where T = Nklt(X, i?) is the non-kit locus of 
{X,B). 

Then H is it -semi- ample. 

Proof of Theorem \6.2[ (cf. ^Fk2j ). By taking a dlt blow up, we may 
assume that (X, A) is a Q-factorial dlt pair. Since D is semi-ample. 
We get an algebraic fiber space / : X — )■ F such that D = f*A for 
some Q- ample divisor on Y. 

By Theorem 11.21 and the abundance theorem for semi-log canonical 
threefolds (cf. |Fj 1| ) , / : X — )■ F satisfies the condition of the as- 
sumption in Theorem 16. 3[ Thus Kx + A is /-semi-ample. We get an 
algebraic fiber space g : X ^^ Z over Y such that there exists some 
Q-ample divisor B over Y such that Kx + A = g*B. 

Because Kx -|- A = D, it holds that / ~ (7 as algebraic fiber spaces. 

Since A = B, B is ample. Thus we see that Kx -|- A is semi-ample. 
We finish the proof of Theorem 16.21 D 
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Next, as an application of Theorem 11.21 we obtain the following 
theorem by [G], Theorem 1.7]: 

Theorem 6.4 (jGl Theorem 1.7]). Let (X, A) be an n-dimensional Ic 
weak log Fano pair, that is —{Kx + A) is nef and big, and (X, A) is 
Ic. Suppose that dimNklt(X, A) < 1. Then —{Kx + ^) is semi-ample. 

By the same way as the proof of [G, Theorem 1.7], we also see the 
following: 

Theorem 6.5. Let (X, A) be an n-dimensional la pair such that Kx + 
A is nef and big. Suppose that dimNklt(X, A) < 1. Then Kx + A is 
semi-ample. 
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